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Abstract

Membrane computing is a branch of natural computing aiming to abstract computing ideas for the structure and the functioning of
living cells as well as from the way the cells are organized in tissues or higher-order structures. Trajectories are used as a tool for modeling
language operations and other related objects. A trajectory P system consists of a membrane structure in which the object in each mem-
brane is a collection of words and the evolutionary rules are given in terms of trajectories. In this paper, we present some properties of
trajectory P systems.
© 2008 National Natural Science Foundation of China and Chinese Academy of Sciences. Published by Elsevier Limited and Science in
China Press. All rights reserved.

Keywords: Membrane computing; Shuffle trajectories; Parallel computation

1. Introduction

Membrane computing deals with distributed computing
models inspired from the structure and the functioning of
the living cell [1,2]. Very briefly, compartments (regions)
defined by a hierarchical arrangement of membranes have
multisets of objects together with evolutionary rules associ-
ated with the membranes. Parallel composition of words
and languages appears as a fundamental operation in par-
allel computation and in the theory of concurrency. Usu-
ally, this operation is modeled by the shuffle operation or
restrictions of this operation, such as literal shuffle and
insertion. Roughly speaking, a trajectory is a segment of
a line in plane, starting in the origin of axes and continuing
parallel with the axis Ox and Oy. The line can change its
direction only in points of nonnegative integer coordinates.
A trajectory defines how to skip from a word to another
word during the shuffle operation.

" Corresponding author. Tel.: +91 44 24501060. fax: +91 44 24500861.
E-mail address: annadurai_70@yahoo.co.in (S. Annadurai).

Shuffle on trajectories [3,4] provides a method of great
flexibility to handle the operation of parallel composition
of processes from the catenation to the usual shuffle of pro-
cesses. Also, a membrane serves as a communication chan-
nel between a cell and its ““neighbors”.

This paper brings together two areas of theoretical com-
puter science, namely membrane computing and trajecto-
ries, where trajectories are used as evolutionary rules in
membrane computing.

In this paper, in Section 3 the algebraic properties of tra-
jectories are studied and in Section 4 we introduce the
notion of trajectory P system and its properties are
discussed.

2. Preliminaries

In this section we deal with the basic concept of P sys-
tem [1,2] and trajectories [3,4].

P system [1] is a new compatibility model of a distrib-
uted parallel type based on the notion of a membrane
structure. Such a structure consists of computing cells

1002-0071/$ - see front matter © 2008 National Natural Science Foundation of China and Chinese Academy of Sciences. Published by Elsevier Limited

and Science in China Press. All rights reserved.
doi:10.1016/j.pnsc.2008.01.003



612 S. Annadurai et al. | Progress in Natural Science 18 (2008) 611-616

Skin membrane

j
- |
f@

1

J

Elementary —~ Regions

Membrane
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which are organized hierarchically by the inclusion rela-
tion. Each cell is enclosed by its membrane. Each cell is
an independent computing agent with its own computing
program, which produces objects. The interaction between
cells consists of the exchange of objects through
membranes.

A membrane structure can be represented in a natural
way as a Venn diagram (Fig. 1).

The membranes are labeled in a one-to-one manner.
Each membrane identifies a region delimited by it and
the membranes placed directly inside it (if any). A mem-
brane without any other membrane inside is said to be
elementary.

The membrane surrounding the cell which is the highest
in the hierarchy is called the skin membrane.

In the regions delimited by the membranes we place
multisets of objects from a specified finite set V" together
with evolutionary rules for these objects.

A P system of degree m, m > 1 is a construct

= (Va T7 C,u,ul’#z’ R l’lma(thl)? R} (Rmapm))Where

(i) V is an alphabet; its elements are called objects;
(i) T C V (the output alphabet);
(i) CCV,CNT = ¢;
(iv) uis a membrane structure consisting of 72 membrane;
(v) w;, 1 < i< m,are multisets over V associated with the

regions 1,2, ..., m of y;
(vi) R;, 1 < i < m, are finite sets of evolutionary rules over
V associated with regions 1,2, ..., m of y; p, is a par-

tial order relation over R;, 1 < i < m, specifying a pri-
ority relation among rules of R;. An evolutionary rule
is a pair (u, v), which we will usually write in the form
u — v, where u is a string over Vand v = v' or v = /9,
where v’ is a string over

(V x {here,out}) U (V x {in;/1 < j < m}),

and ¢ is a special symbol not in V.

We illustrate the computation of the P system by the fol-
lowing example.

Example 1. Consider the system

T = (27 Ta C7,u7wl>w27(Rlap1)7(R27p2))
2= {(l,b,C,d},

Fig. 2. Example of a P system.

T ={a,c,d},
C=¢,

1= 1[Lh)
wy = a,

wy = 4,

Ry = {a — a(a,out)(b,in,),
a — b(b,out)(a,iny),c — (c,out),

d — (d,out)},
P = (ba
Ry = {b — bc,a — dd},
Py = ¢.

We start working in the skin membrane (see Fig. 2),
where a copy of object « is available. By using the rule
a — a(a,out)(b,in,), we reproduce the object ¢ in a mem-
brane 1, we send out a copy of the same object, and we
introduce a copy of » in membrane 2. From now on, we
have applicable rules in both the inner and the outer mem-
branes. At each step in membrane 1. we repeat the previous
operations, while in the inner membrane at each step we
produce in parallel a copy of ¢ from each available copy
of b. For instance, after five steps, we have five copies of
a outside, one in membrane 1, five copies of » in membrane
2, and 443+ 2+ 1 =10 copies of ¢ in membrane 2: the
first copy of b has produced one ¢ in each of the subsequent
step, the next one has evolved only three times, and so on.
At any moment, the rule @ — b(b, out)(a,in,) can be used
in membrane 1. One copy of b is kept in membrane 1,
one copy is sent outside (hence the string collected becomes
a"b, for some n > 0), and one copy of « is sent to mem-
brane 2. At the same time with the use of the rule b — bc
for all n copies of b present here, we have to use the rule
a — do. Membrane 2 is dissolved, its contents are left free
in membrane 1, where the rules ¢ — (c,out) and
d — (d,out) are now applicable. The rules from membrane
2 are no longer available; thus, the n + 1 copies of b placed
in membrane 1 cannot evolve further. Because the rules
¢ — (c,out) and d — (d,out) are used at the same time,
in parallel, we get outside the system n(n + 1)/2 copies of
¢ and one copy of d. Consequently, any string of the form
a'bc'dc’, for n > 0 and i+ j = n(n+1)/2 belongs to the
output of this system. Hence, the language obtained in this
way is
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n(n+1)

L(n) = {a"bc"dd' |n>0,andi+ ;=

Definition 1. A trajectory is an element ¢ € V¥, where
V = {r,u}, r and u are versors in the plane; r stands for the
right direction, whereas u stands for up direction.

Definition 2. Let X be an alphabet and let ¢ be a trajectory,
t="tty...t,, wheret; € V,1 <i < n. Let a, § be two words
over 2, o=aa...a, f=>bby...b,, where
a,b; € X, 1 <i<pand 1 <j<gq. The shuffle of « with f
on the trajectory ¢, denoted by « LLI; § is defined as follows:

if |o|#lt, or |f|#]¢, then olll,f=¢, else
oo LLly ﬁ =C1C2 ... Cpigs where, if ‘ it ... ti—1|,- =k, and
| Hht ... tf*1|u = ky, then

{ Ajey 41
Cc; =

biy41
Definition 3. If 7T is a set of trajectories, where 7 C V* the

shuffle of o with  on the set T of trajectories, denoted
o LLp ﬁ, is

ift,-:r
lft,:M

ocI_JI_IT/?:UocI_I_Itﬁ

teT

The above operation is extended to languages over X, if
Li,L, C 2", then

Ll L, = U aLlip B

oLy, fELy

Definition 4. A set T of trajectories is commutative if the
operation Lllp is a commutative operation, i.e.,
ol p=pUdra, for all o, f € 2.

Example 2. Let o and f be the two words
0 = a)axasasdsaecdrdgdy, ﬁ = b1b2b3b4b5 and assume that
t = PPurPurur’u. The shuffle of o with § on the trajectory
tis

o LL]t ﬁ = a1a2a3b1b2a4a5a(,b3a7b4a8a9b5

vy A

y

Fig. 3. Geometrical interpretation of trajectories.

The result has the following geometrical interpretation
(see Fig. 3): the trajectory ¢ defines a line starting in
the origin and continuing one unit to the right or up,
depending on the definition of 7. Note that the trajectory
ends in the point with coordinates (9,5) that is exactly
the upper right corner of the rectangle defined by o
and f. Hence, the result of the shuffle of o with § on
the trajectory ¢ is nonempty.

Hence, trajectory ¢ defines a line in the rectangle
OAEB, on which one has “to walk” starting from the
corner O, the origin, and ending in the corner E, the exit
point. In each lattice point one has to follow one of the
versors r or u according to the definition of t.

Now, consider another trajectory ¢, say ¢ = ur'u’rur.

In Fig. 3, the trajectory ¢ is depicted by a much thicker line
than the trajectory ¢.

o I—I—lt’ ,B = b1a1a2a3a4a5b2b3b4a6b5a7a3a9

Consider the set of trajectories 7' = {¢,#}. The shuffle of o
with f on the set T of trajectories is

alllr p= {alaza3b1bza4asa6b3a7b4(18a9b5,

biajarasazasbybsbsasbsazagas }.
We have the following theorems appearing in [4].

Theorem 1. Let T ba a set of trajectories, T C {r,u}". The
following assertions are equivalent:

(1) For all regular languages Ly, L,, L, Ly L, is a regular
language.
(i) T is a regular language.

Theorem 2. Let T be a set of trajectories, T C {r,u}". The
following assertions are equivalent:

(i) For all regular languages L, L,,L; L1y L, is a con-
text-free language.
(i1) T is a context-free language.

Theorem 3. Let T be a set of trajectories, T C {r,u}” such
that T is a regular language.

(i) If L; is a context-free language and if L, is a regular
language, then L; LILI7 L, is a context-free language.
(i1) If L, is a regular language and if L, is a context-free
language, then L, LILIp L, is a context-free language.

Theorem 4. Let Ly,L, and T, T C{r,u}" be three
languages.

(1) If all three languages are regular languages, then
Ly Ly L, is a regular language.
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(i1) If two languages are regular languages and the third
one is a context-free language, then L, LIy L, is a
context-free language.

3. Algebraic properties of trajectory

We now provide some

trajectories.

algebraic properties of

Definition 5. Let L be a language over V and let 7 be a set
of trajectories, then L7 is defined as

L"=|Jallrp

o,feL

Proposition 1. Let L,L,L, be three languages over X and
T C V* be a set of trajectories. Then, we have

(i) If L; C L, then LT C L].
(i) LMV = L1y LT,
(iii) LM C LT N L.
(iv) (LiUL) =LTULT UL Uy Ly ULy Ly Ly,
(V) (Ll mLz)T - LIT N L;

Proof

(i) We prove that L; C L, = L] C L). For every x € L]
there exist y,z € L;,t € T such that x = yLLJ;z. But
we have y,z € L, (since L; C L,) with x = yLlLlp z, so
x€Lland LT CL].
(i) First we prove that, L1""> C LTm U L™,
For every x € LTV there exist y,z€ L and
t € T UT, such that x = yLLI; z.
Sil’lCClET]UTz,fET] orteTs.
Hence xecL™ or xclL™(ie, xelLl'UL"=
LNV C pTv L™, Now, let xe LN UL = x e LD
orxec L
= there exist y,z € L such that x = yllLl;z, t € T| or
x=yUlLzteT,.
=>x=yUhzteT UT,
=xe LN
(ie.) LT ULT> C [T1VT2
Hence LY = LT U L™,

(iii) For every x € L™ there exist y,z€ Land t € T N T,
such that

x=yUllLz
=xelLMandxe L™ sincet € T, and T,
=xellhnLh
= LTlmTZ g LTI mLTZ

(iv) (L ULy) = LTULT UL Uy Ly U Ly Up Ly

Letz e (L] ULz)T

(LiULy) = {xy/x,y €L ULyt € T}

Since x,yelL UL, x,y€L or x,y€l, or

x€L,y€Elyorx€ely, yeLi=z€L] orzeL] or
zeLiUdrLyorze L, Ly L,

(i.e.,)

z€ LT UL UL Uy LyU Ly Ly Ly (Ly ULZ)TQL{U

LZTULI Ly Ly UL, Ly Ly.

LetZEL{UL;ULl Ly Ly, U Ly Ly Ly

=zellorzellorze L UlrL,orze L, UlrL
=z=xllly, wherex,y€ L andre T

=xLlly, wherex,y€ L, andte T

=xllly, wherexe L, y€l,andteT

=xlllyy, wherex € Ly,y€ L, and teT

=>x,ye€ L UL,
=ze (L UL) (ie.)
(LiUL) =LTULT UL Uy Ly UL, Uy Ly,
V(L NL) =LTnL!
For every z € (L, ﬁLz)T, there exist x,y € L; N L, and
t € T such that
z=xLlLy
=x,yelLiandx,y€ Ly teT
=z=xllhyeLl andz=xllLy€eL]
=zel{ and L]
=zeL NLy

(LNnL) cLinLl. O
Remark 1. Let L be a language over 2 and 7; and T, be

trajectories over ¥, then L7'7> # (L"), For example, con-
sider L = {a"b/n = 1}

Ty ={r"v"/n,m = 1}
T, ={u"""/n,m = 1|]
Now
L = le_l_lty

teT

= {a"ba"b/m,n = 1}
(L™ = {a"ba"ba™ ba" b/m,n,my,n, = 1}

Similarly L"" = {a"a"bab/m,n > 1}  where
rnu”’lu”rm.
so that L7172 £ (LT,

IT,=

Proposition 2. Let Ly, L, be languages over X and T C V™ be
a set of commutative trajectories. Then, we have
(LiULy) =LT ULl UL Wi Ly,

Proof. From (iv) of Proposition 1, we have

(LiULy) =LTULT UL W Ly UL, LI L.

Since T is commutative, we have

Ll L, = L, Ly L,

(LUL) =LlulluL, Wp L, O
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4. Trajectory P system

In this section we introduce trajectory P system. For this
we require the following notion.

Definition 6. In a membrane structure, if the ith membrane is
inside the jth membrane and there is no other membrane
containing i inside j, then j is called the immediate successor
of i.

For example, in Fig. 1, membrane 1 is the immediate
successor of membrane 4 but it is not an immediate
successor of membrane 5.

Definition 7. A trajectory P system is defined as

T = (V,T,,LL,HI,,UZ 7:um(LlﬁTl7tar))(L2aT2atar)7 R )
(L, Ty, tar))

where
(i) Vis an alphabet; its elements are called objects;
(i) T = {r,u} (the control alphabet);
(iii) uis a membrane structure consisting of » mem-

branes Ky Hps ey s
(iv) L,Cc V", T, CT" and tar € {here,in;, out},
j=1,..., n

For each 7, 1 <i < n, let (L;,T;) be the content of ith
membrane. If i is the elementary membrane then L[ is
the language computed in the ith membrane.

The tar = out is attached with all the elementary mem-
branes. Let L) = L' be sent to the immediate successor.

If j is the immediate successor of the ith membrane and
if j does not contain any membrane other than i, then
(L] ULj)T’ , computed in the jth membrane and depending
on the target attached, is sent to the inner membrane if
tar = in; or sent to the outer membrane if tar = out or
stays in the same membrane if tar = here.

If j is the immediate successor of m elementary mem-
branes iy, i, ..., iy, then the computation is done in each
of the m membranes i,i,,...,i, and the languages

T; T; T: . .

L' L, ..., L;" obtained bTy computations, are sent to
the jth membrane. Let Lj.k = Ll-k"‘, 1 < k < m. Then the com-
putation is done in the jth membrane and the language
obtained is Lj = (L; UL, U... UL UL;)", depending on
the target attached. It is either sent to any one of the m ele-
mentary membranes if target is tar =in,,1 < k <m, or
sent to the outer membrane if the target tar = out or stays
in the membrane if tar = here.

Fig. 4. Membrane structure of a trajectory P system I.

1 3

AN J/

Fig. 5. Membrane structure of trajectory P system II.

This process is repeated till the language is sent to the
skin membrane and the language obtained by the computa-
tions in the skin membrane is denoted by L(x).

Example 3. Consider the system == (V,T,u, 1, i,
(L1, Ty,out), (Ly, Ta,iny)) where V ={a,b},T = {r,u}
and the membrane structure (Fig. 4)

Let

L ={ab}; T)={ru"/n > 1}
L, = {b*}; Tr = {u"v"/m,n > 1}
Ly =L{" = {a",b*,a’b’,b’a’}
L= (L' UL)" = {a®b*, ’b*d®, b*b*d®, b°)}
L = (Lyu L))" = (@b b, b b’ b’ a*b*P°,
PP a*b b, b a’be B S b}
Ly = (L, UL)"? = (&P, &*b* Pb* b’ b’ P’ b’ d?,
e M e
P PV P b d’d’ b d’, ..}
X =X1X;

L(m) = (L} ULy)" = X1yxz/x,y€L’]’UL2
1| = [xa

L(m) is a context-free language.

Example 4. Consider the system n=(V,T,u,u,,
Hoy o ooy Hy, (Ll,Tl,out), (Lz,Tz,il’ll),(L3,T3,0ut),
(Ls, T4, in;)i = 2,3) where V = {a,b}, T = {r,u} and mem-
brane structure as given in Fig. 5. Let

Ly={d"/n=1}; T\ ={rv"/mn > 1}
Ly={b"/n = 1}; Tr ={r'u/n = 1}

Ly ={ab"" /n = 1}; Ts = {"u"/m,n > 1}
Ly={bd" " /n > 1}; T4 = {u""/n > 1}
Ly =L"={a""/n,m > 1}

Ly= (L, uLy)"

— {an+mb,bna7am+n+1’bn+1/n,m > 1}

L= (LyuL)"
— {an+mbbna7an+mbam+n+l’
a e nym = 1}
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4 N\

AN J/

Fig. 6. Membrane structure of trajectory P system III.

Ly = (L} ULy)"

= {a"""bb"ab, """ ba™ "', ... Jn,m = 1}
L, =L = {ab",ab" /n,m > 1}
L, = (LiULyULy)"™

— {anerbbnababzwrm+27

1 2n+2m+2
an+mbam+n+ bab n+2m+ ,.../n,m > 1}

L(n) is any one of the languages in L) which is a context-
free language.

Remark 2. In a trajectory P system
n= (Va T7,umu17 Moy ovs Hyy (leTlvout)v (L27 Tz,Out), SR
(L4, T4,0ut)), with membrane structure as given in Fig. 6.
IfL] = L, L, = ¢, L3 =L and Ly = ¢, then

L(m) =((L")" L")
=((L™M)™)™ u (L™ u
(LTI)TZ u_|T4 LT3 ULT3 |_]_’T4 (LTl)Tz

Theorem 5. In a trajectory P systemn = (V, T, i, fy, Ly, - - -,
W, (L1, Ty, tar), (Ly, T, tar), ..., (L,, T, tar)). Suppose T,
T, ..., T, are regular languages, then for all regular lan-
guages Ly,L,, ..., L,, L(n) is a regular language.

Proof. From the definition of trajectory P system if
tar = out for all membranes, we have

L} _ [((LZI{ ULk+1)TkH ULk+2)Tk‘2 UL,]T'

It follows from the Theorem 1 that L;. is regular for all
j=12 ... m

Ly ULy U--- UL, is regular, since each L] is regular. By
Theorem 1, it follows that

L(n) = (L, ULyu---UL )UL,)"™

is regular.
In general, we obtain that L(n) is regular if tar €
{here,in;, out}. [

Theorem 6. In a trajectory P system n= (V,T,pu,
Wis oy o ooy My, (L1, Thytar), (Ly, To, tar), ..., (L, T, tar)).
Suppose Ty, Ty, ..., T, are context-free languages, then
for all regular languages Ly,L,, ..., L,, L(n) is a context-
free language.

Proof. The proof is similar to the proof of Theorem 5 and
it follows from Theorem 2. [

5. Conclusion

In this paper, we have introduced trajectory P system
and studied its properties.
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